MATH?20C - Final - Allen

Problem | (10 points)

Evaluate the quadruple integral
X+Y
[ J, dtdzdydx

Solution

[ J) dtdzdydx
_fofo Y (x - y) dz dy dx
_fofo x? - y?) dy dx

=f0x —%)dx
=2

Integrate[l, {x, 0, 2}, {y, 0, 1}, {2, 0, x+y}, {t, ¥, x}]
2

Problem 2 (10 points)
The area of a region is given by a sum of double integrals:

Area=f0f 1x/zd dx + | fo“”/z dy dx

Simplify the expression for area by reversing the order of integration and finding the appropriate limits:

Area= fy1ﬁ1((;/)) dx dy

You do not need to evaluate the integral. Hint: the inner curve is given by x? + y% = 1, while the outer

L X2 2
curve is given by S tyo= 1

Solution

x2

CylindricalDecomposi'l:ion[x2 +y?>188 —+y?<188x>08&8y >0, {y, x}]
2

O<y<lsa&ar1l-y® <x</2-2¥°

area=f0f 22y dx dy
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Just for fun (not necessary to receive full credit):

Integrate[lr {y, 0, 1}, {x, ,\/1_y2 ' '\/2—2Y2 }]

(—1+\/2_)7T

| e

1/4 the area of an ellipse (77 a b, with a/b the semi-major/minor axes ) minus 1/4 the area of a disk (77 r?):

1 1
—nvV2 - —n1? // Simplify
4

'S

(-14v2 ) n

|

Problem 3 (10 points)

Find the point (xg, yo) such that the following function is locally extremized:
fx,y) = x> +4xy-10x-y? +5,
and determine whether it corresponds to a max, min, or saddle point.

Solution

2 4
4 -2

Solve[{o.f, 0,£} = {0, 0}]

1
f=—{x—1,y—2}.( ).{x—l,y—Z}//Expand
2
5-10x+x>+4xy-Yy?
{{x->1,y-2}}

H = Table[0;0; £, {i, {x, ¥}}, {i, {x, ¥}}];
H // MatrixForm

2 4
-y
H // Det
-20

Saddle point at (xq, ¥o) = (1, 2)

Problem 4 (10 points)

Write an expression of the form, ax+ by + ¢ =0, for the tangent line at the point (xg, y5)=(2,1) for the
implicit curve:

9x
X -=L4y®=0
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Solution

Take the gradient of the constraint and dot into (x — xg, ¥ — yo):

9
f=x*+y}-—xy;

2
n= {axf, ayf} /. {x> 2,y-> 1};
n.{x-2,y-1} // Expand

15 x
-9+

-6y
2

Problem 5 (10 points)

A path you might trace out along a carousel can be parametrized as fol-
lows:

F(t) = (2cos(27Tt), 2sin27Tt), sin(107T)).

N
Find parametric equations for the tangent line, T (t), at the point t,= 1/4

Solution

Clear[r];

t0=1/4;

r[t_] ={2Cos[27t], 2Sin[27t], Sin[107t]};
T[t_] = r[t0] +tr'[tO]

(-4nt, 2,1}

Problem 6 (10 points)
Evaluate the following derivatives,
el 9 5),

at (X0, Yo, o) = (1,0,2), and (ug, vo) = (0, 1), given the following data, f(x, y, z) = x? +y z, and x(u, v) =
u+1, y(u,v)=uv, z(u,v) = -v+1.
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Solution

f=x2+yz;

r={u+l,uv, -v +1};

gradf = {0, f, 0y f, 0,£} /. {x> 1,y~> 0, z> 2}
drdu=6yr /. {u-> 0, v> -1}

drdv=06,r /. {u-» 0, v> -1}

{2, 2,0}
{1, -1, 03}
{0, 0, -1}

gradf.drdu
gradf.drdv

0

0

Problem 7 (10 points)

Write an expression of the form, ax + by + ¢ z + d =0, for the tangent plane at the point
(X0, Yo, Z0)=(1,1,1), for the following implicit surface:
f(x,y,z) =xyz=1

Solution
The point lives on the surface:

{x0, y0, z0} = {1, 1, 1};
xyz/. {x-> x0, y-> y0, z > 20}
1

f=xyz;
n= {axf, o, f, azf} /. {x->%0,y-> y0, z-> 20};
n.{x-x0, y-y0, z-20} // Expand

-3+xXx+y+2

Problem 8 (10 points)

Find the extrema of f, given the constraint g:
fxy) = -x*-2xy +x-y*+3y, g(xy)=y-x=-1
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Solution

f=—x2—2xy+x—y2+3y;

g=Y-X%x;

{0xf = Ao.g, 0yf = 18,9, g=-1}

Solve[%, {x, vy, A}]
{1-2x-2y=-2,3-2x-2y=2A, -x+y=-1}

{{x->1,y->0, A>1}}

We only care about (xg, yg) so (Xo, ¥o) = (1, 0)

Problem 9 (10 points)

Find all two extrema of f, given two constraints g4 and g,:
flxy)=z

gi(x,y) = xy =1

gox,y) =x+y+z=4

Solution

f=z;

gl=xy;

g2 =x+y+2;

{fo == A1 0,91 +2A20,92, 0,f = A1 6,91 + A2 8,92,

9,f = 210,91 +A20,92, gl =1, g2 = 4}

Solve[%, {x, vy, 2, A1, A2}]

{0=yAl+2A2, 0=xA1+2A2,1=2A2, xy=1,x+y+2 =14}

({x>-1,y>-1,z-56,A1l51,22->1}, {x>1,y>1,2-2, A1 > -1, A2 > 1}}

We only care about (xo, Yo, Zo) SO (Xo, Yo, Z0) = (-1, =1, 6), (1, 1, 2)



